A Level Further Formula Sheet
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Summation Results Vectors Statistics & Probability
Properties (3) o Cantake constants out: ., €@y = € Xur G Notations vector = 0,0, 0A distance= OA Binomial Distribution X~B(n,p)
(These work similar to e Cansplitup: ¥iei(a +b) = ey @ £ Biea(be) Vector Form @ (discrete) E(X)=Mean=np, Var(X)= np(1 — p), PMF=P(X = )=(})p*(1 = p)"*
integrals) o inclusive exclusive principle ¥...(a,) = Bi..(a,) — ¥ioi(a,) ai+bj+ck = (b) Calculator: = use pd, < use cd
Results (5) i 150 Ik, c=en e Properties o (dy  jatd < o /la :’:im" ) ) g
2 - iscrete) = i =, = = =e 1L
n 2 < MDY (addition/subtraction, multiplication and (b) tfe)=(bte 1 (b) =(a (happening at average rate) Mean=1, variance=3, PMF = P(X = x) = ™,
= ) ) \f) \exf o\ Calculator: =use pd, < use cd
Matrix Transformations ay (d Uniform Distribution x~U[a,b]
m— - b).(e)=ad+be+q i =2 _ay =)=
Reflection in the (cos jz sin 2;73) <c> <f) f (discrete) M'ean k(a +b), va:znc U af) PMF=| .v(xh x)b ;
" sin20 —cos = To find unknowns: use fact that area of rectangle i the probability
""e'y (tan 6) x — xag""“# of a vector W To find probabilities: Find area of rectangle
Horizontal stretch (u 1) otationis | | o X=Ceot)
by scale factor k — Unit Vector Unit vector of (:) _ :’ (g) ::fscr;ﬂe) - ) Mean= %, variance=" -
5 2) = e ow long until 1st success oY PR
Vertical stretch by ) Parallel and Perpendicular to e Sen n e S e e e g=pd =pr  Een=@ =
scale factor k By hand: Need to turn all into = or > and use formulae above
means scalar product equals zero o Mo O
Enlargement by (“ 0) Angle Between 2 vectors ay (d = —Bepa=
s 0 k <b>_ e Negative Binomial EIEIG)
scal e -
Always use the direction vectors J\r (discrete) pME =P =k = (" pra-pe
centre (0,0) —ar/aN] (how long until r successes) o \p= T
‘Anti-clockwise (cose —sma) 050 <b> <E) Mean= " variance=
rotation of angle sinf - cos6 g df i " . :Z”PS) P
ioi Vector Equation of a line (waiting time between x=k) = de™
‘] ahouf origin To find this we need: —(5)+2(e poisson events) Mean=" variance=
Clockwise (o808 Hsinfy 550 Point and direction f T
rotation of angle sin - cosf (if given 2 points find the directions and use N x~N(g,0%)
6 about origin cither point) (,,) = po:mon,(;) direction (parallel to) (continuous) Mean= g, variance= %, PDF = P(X
- Cartesian Equation of a line x—a_y-b_z-c Standardised variable z = =
Matrices d e To find probabilities: use invnorm on calculator
Determinant e Ka p—— Parametric Form of a line x=atidy=btlez=ctif To find x, 1,07 o: use invnorm on calculator
< Equation of a plane a Expected Value Discrete TAP(X = x)
P <d ‘ f‘ B ‘d f‘ N E‘ h‘ rn= b .nwhere n is the normal vector For a function: E(g(X)) = Xg(x)P(X = x)
g kil g il Vector Equation of a plane O=0+()+ () Expected Value EX) = f xf()dx
=a(ei—fh) = b(di = fg) + c(dh — eg) To find this we need: 4 2 ;) TEG Continuous ; .
: ” ” TR e ¢, (sl o For a function: E(g(X)) = [ g()f (@)dx
nverse 2x2( apoint in plane and perp direction. If nof ¢) = position - - . == - -
@ i i IS L D s e (“) . (1) £ diront B - Variance Discrete Var(X)= ¥ x*P(X =x) —E(X)* = ¥ x*P(X =x) —
' €) and (3) = directions (parallel to " i
1 . of 2 direction vectors. Remember to find a 5 t P Variance Continuous Var (x) = fx‘f(x)dx —EQXy = fx‘f(x)dx -
- a b c direction we subtract 2 position vectors
determinant 3x3:(d e f Cartesian Equation of a plane ax+by+cz=d PDF and CDF PDF: f(xo)=P(X = x,) CDF:F(x0) = P(X < x,) = [72 f(©)de
X g h i d = distance form origin to plane *  PDF to CDF i.e. f to F = integrate (or find areas under graph)
x To find adjugate a Careful with integration if more than 2 functions, always start
Step 1: Find matrix of minors (cross of corresponding row and column for b | = direction vector (perpendicular to) e e e
. each element and the determinant of each remaining part forms the new @ o @O leFEi R G asehm)
adjugate element) Scalar Product ay 7d\ | a1 /d il
) ) o Tofind probabilites: find areas or integrate £(x) or plug value
Step 2: Find matrix of cofactors (get the correct signs) a ) b){e)-|(n)[|(e)fcose TG
Note: 8 is the angle between (b | and [ e </ \r) \e/l|\r, 2
a f *  Median=Find m such that j‘m s [ ()dX=0.5
Vector Product o d bf —ec o Mode: Solve f*(x) = 0 o if piecewise graph and see which x
Step 3: Transpose all the elements. In other words swap their positions a d <b> x <e) = <—(af = cd)) SO el
over the diagonal (the diagonal stays the same) Note: 0 is the angle between <b> and (e e/ \f, ae—bd Finding unknowns or showing valid PDF:Use fact that [ f(x)dx =1
Torma « Consistent/unique - one solution (a point) c or Probability Generating Defiion of PG [169) ar G2) o G (9B G )= Kan 1 ZPOX = ]

solutions for
systems of linear

To find unknowns:
Use basic elimination or solve det # 0 (if unknowns on LHS)
o Consistent/non-unique ~ infinite solutions (det = 0)

()

()

sin6

Area of a Parallelogram

Function
(PGF)
PGF is for DRV’ only and

Note: Sometimes use letter t instead of z
Properties:

G = (X)=G'(1)

equations To find unknowns: a5)x g represents the PMF as a (X)=6"(1+6'(1)~(6'(1))* =6"(1)=u(k ~ 1)
Use basic elimination with 2 pairs of the same variable eliminated and a f Ppower series i.e. you can IfZ= X + Y, where Xand Y independent: G;(£)=Gy (£) X Gy ()
look to get 0 = 0 @ find certain (=) probabilities
+  Inconsistent/non unique o sol (det = 0) (b) et | @ || B erm st o T Fan o Finding probabilites: P(X=n)= % 6 (0)
To find unknowns: c inomial: (1 —p + pi
Use basic elimination with 2 pairs of the same variable eliminated and Perp Distance hetween pomtand plane Ta(@) +5(B) F c) + I Poisson: e*(t=2) PMF to PGF: Want answer as a power series
look to get an inconsistency from (a,8,y)toax +by +cz=d — Joibie Geometric:; Fill P(X = k) into $.o., 1 ZP(X = k) using PMF and get
Roots ‘Scalar Product Properties Oa=a ab=ba Negative rid of sigma notation sing geometric sum or binomial expan backwards
(~a).b = —(a.b) (ka).b = k(a.b) PMF to PGF: PGF should be of the form P(X=0)+zP(X=1)+22P (X=2)+...
Quadratics, Quadratic: a(b+c)=ab+ac -
Cubics and . form: (x — @)(x — ) ffaandbare pm"el, AL s (L Moment Generating M,(6) = E(e) using eithr discrete or continuous Expected value def
Quartics and § as the roots Cross Product Properties axa ax0=0xa= Gt Uniform= """, Exponential= -, Normal= e+
J form: x* + bx + ¢ A(a x b) = (Aa) X b = a x (Ab) ) o . et
sumroots=—b = a+ 8 ax (bt =(axb)+@xc Binomial= [(1 — p) + pe']", Poisson = eX*‘""), Geometric= £
product roots = ¢ = af Goodness of Fit e = 2 Reject s > Poriten
. form: ax +bx +¢ b.(cxa)=c.(axh) = — B
=t - pearman’s Ranl )
b P Trigonometry A1)
ubic = 5 - = =
. form: (x = @)(x = B)(x 1) If¢ = tan’x = sinx = 2= and cos x = == Expectation Algebra E(@Xb) = al:(X) +b, VAR(aX £ b) = a*Var(X)
a, B andy are the roots e dependere
. fu’,m ax3 4 bx? 4 E“‘ d=0 Hyperbohcs EQXY) = I;(X)I;(Y) Var(aX + bY) = a*Var(X) + b*Var(Y)
it e Unbiased Estimators ~
TRy N >, product: afy=—2 DStbitions sinhx = == coshx ™5 2 _[ze @ _ [ze-w2
sum of al possible products of pairs of roots: af + By + ay =& tanh x = “h‘ eschx = ——= n ' n(n-1)
Quartic: sechx= =1 cothx =1 Central Limit Theorem
° form: (x = a)(x — A)(x ~V)(x = &) \dentities Cosh® x — sinh*x = 1 tanh’ x + sechx = 1
a, B, y and & are the roots ) sinhx Sample Proportion
. form: ax* + bx? + cx? + dx +e = 0 coth? x — esch?x = 1 tanhx = oo
sum:a+f+ y+8=—2, product: afys = * sinh 2x = 2 sinh x cosh x cosh 2x = cosh? x + sinh? x Test Statistics
sum of all possible products of pairs of roots: Inverse arcoshx = cosh-'x =In (x + J2 — 1), x = 1
af+ ay +as+ By +p5+y5== arsinh x = sinh™'x = = In (x + VaZ + 1) Where 7; = s =
sum of all pusslh\e products of triples of roots: afy + Bys + artanhx = tanh-tx = = 1n (), [x] < 1
yasd + daf = —= Differentiation and Integratlon
- Tira Number Theory =
form Y7Ly a;x'=0 Sum= "2, product= "= - - sin™t f(x) = cos™ f(x) =
= Fermat's Theorem a = a (mod p) if p is prime and a is any integer = (,‘,
Polar Coordinates M i 1 -
lechanics tan™! f(x) = sec™! f(x) = —+
u[/wr, s
1 - - T LENGE)
Area of sector = ) Centres Of Mass For Uniform Bodies «  Triangular Lamina: % along median from vertex . . s
2 3 cosec™ f(x) = — ot () =~
rsina Gy

Complex Numbers

D

Cartesian Form

Modulus
Argument Form

—rcos 0T isin0) = rcis 0
b
= Va& ¥ btarg = 0 = tan™* (‘E‘)
Then draw the angle 0 in the quadrant where the complex number a + bi
lies. Read off @ by starting on the positive x axs (ke when you solve for
trig using the CAST diagram). Remember that — < 0 < 1)
Or you can use the following to get 6

b
tan-t (E) (if quadrant 1 or 4)
b
6=1{ tan™ (;) +1 (f quadrant 2)

b
tan™* (H) —mn (if quadrant 3)

e Circulararc, radius 7, angle at centre 2a

centre
o Solid hemisphere, radius r.fy from centre

line from centre to base of vertex

line from centre to base of vertex

centre to base of vertex

e Sector of circle, radius 7, angle at centre 2a:

=22 from centre

o

o Hemispherical Shell, radius r- %rfmm centre

o Solid cone or pyramid of height h: }h above the base on the
o Solid cone or pyramid of height h: }h above the base on the

o Solid cone or pyramid of height h: }h from vertex

o Conical shell of height h: %h above the base on the line from

reolr
sinh £(x) = £ (x)cosh f(x)
tanh £(x) = f'(x)sech® f(x)
f@)
fer—1

cosh f(x) = F()sinh f(x)
sinh™ f(x) =

cosh™ f(x) = tanh™* £(x) >

Motion In A Circle

Transverse velocity: v = 10
Transverse acceleration: v = r{)

Radial acceleration: —rf2 = —=

Note: Mag =

ré2or ¥

Integrals

dx = %sm"(‘;—x) +c

= Zcos™ (”f) +c
Lo e = S (5 e
: = Lsinh (£) 4 ¢ = 2in(bx + JBxF T @) +¢
Lcosh™ (&) + ¢ = In(bx +,/(bx)‘ @) +c,x0a
itanh"(—)+czmln +c,lx| <1

bx-al

oo

ln

+c

Motion of a Projectile

Equation of a trajectory: y = xtan 6 — v;” —

Volume of Revolution

Abomxaxts V= jﬂ my*dx , About y axis: V = [ mx*dy

Eulers Form =re®
De Moivres’ 7" = r"(cos nb + i sin nB) = rcis nf
Theorem
Roots of z" = 1 2 =5 fork =012,..,n
Linear Algebra
Set polynomial which is det(A-1) or det(A — AI) equal to

zero 0, where A = matrix and I= identity matrix.
solve this for the eigenvalue

Elastic Strings and Springs
F =Force needed to extend or compress

Hooke’s Law

Surface area of revolution

Caresian: 2 [1 + ()’ ax porametric: 2 [y (&) + ()’ ae
polar: 2n [ rsin 6|1 + (%) a0

T=tension 7= i

x = length of extension/compression >

k = stiffness constant (spring constant Tension in elastic spring/string : Gl 1+ (:—y) dx Parametric: | J(ﬂ m dt
measured in N/m "

2 = modulus of elasticity (spring modulus) Polar: f_[r + (:7) do
measured in Newtons

1 =natural length of the spring Differential Equations

Energy Kinetic Energy: > mv? Factor V' + P()y = Q(x) = Integ Factor = ) "5

Gravitational Potential Energy: mgh Homogeneous and Non- complementary function y, (set LHS 0)
Note: if answer is negative then means a loss Homogeneous o realroots: m,,m; =y, = Ae™* + Be™*

Elastic Potential Energy: 2
e m,v‘ —imvy?
Change in potential energy: m, gh, — mgh,

Work Done
‘W=work done

o F=magnitude of the force
e d =distance moved IN THE DIRECTION

of the force

6 =angle between the force and the

displacement

e Total energy = Kinetic + Potential +

Elastic

If work done against an opposing forc

where workis done against opposing force is W'
Fd

W=

+ change in potential

If no work done against an opposing force
Final total energy = Initial total energy

Final total energy=Initial total energy - work done against force

total energy lost (aka work energy principle)
potential energy (if talking about agianst gravity)
Note: Total energy lost = change in total energy =

change in kinetic

(Second Order)

Solution Form:
Y=Yer t %

= e*[Acosh(mx) + Asinh(mx)] if roots are p +m
e repeated roots: m = y,;= Ae" + Bxe"* = e"*(A + Bx)
o complexroots: p+iq = y.; = e”*(Acosqx + Bsingx)
Non-homogeneaus , (plug into RHS of equation & solve for unknowns)
o y=lk(constant) = usey = k
e y=x=y=p+aqx
o y=ax" Sy=Ax"+Bx" 4t Mx+ N
o y=ae™ =y=ce™
= cxe? (if b matches root of CF)
y = cx?e” (if b matches repeated root of CF)
oy =acosbx or asinbx or y =any linear combo of sin or cos

= y = Dcosbx + Esinbx
y = x(Dcosbx + Esinbx) if b matches repeated root of CF)

Induction Template

Maclaurin Series

f() =F(0) +xf'(0) +X7:f”(0) +

Eigenvectors Av=1v where A=eigenvector & v=eigenvector
Av=Av =01 A(%) = A(5). Solve with value of 2 above
Quick way: Put. 2 into (A — AI) and you'll obviously have a matrix. Multiply
this matrix by (y) and set equal to 0. Solve for x in terms of y
Conics
Ellipse Parabola Hyperbola Rectangular
Hyperbola
Standard Form Ea ¥ y=c
b
Parametric (:n:os 6,bsin6) (at?, 2at) (asec®, btan 6 (e 5)
Form (dtacosh§, bsinh §) T
Eccentricity e<1 e>1 e=v2
b =a(1-¢?) bt =ai(e?—1)
Foci (+ae,0) (a,0) (+ae,0) (+V2¢, +v2¢)
Directrices o x+y=+/2c
e
Asymptotes none none x=0y=0
Groups

Order of a group: Number of elements in the group
Order of an element: Least positive integer n such that g™ = e (how many times before you get e in

modular arithmetic). If g€ G then g....

infinite order

=eiie. g" = e. f no n such that x™ = e then we say element has

Definition: A set G wnh a binary operation * on G such that

G is associative

Gis closed under *

G has an identity element (usually denoted e)
Each element of G has an inverse

Let P, be the pmposmun N
Let n=1: Plug in n=1 to both the LHS and RHS. Show that LHS=RHS = P, true

. Assumen = k true i.e. P, true: Replace n with k. There is nothing to prove here, we just
assume this to be true.
. Let n = k + 1:Replace n with k + 1. Usually only need work on the LHS by simplifying and using

assumed P, step to show that what we get for LHS is equal to RHS (sometimes we may need to
work on the RHS also) = Py, true

S0 P, true = P, true

= Btrue then B, P, P, ..

strue foralln € -

true

Types of questions to know: sigma results, divisibility and matrices

Taylor's Series

£ = F(@ + 6 - f (@ + =2 f(@) +.

Maclaurin and Taylors
Series Common Results (5)

e e*=1tx+5 4+ forallx

. ]n(1+x):x— +‘+ - ior—l<x£1

-+ (~1) = forallx
—+ + + (= 1)’%fuva\lx
-ardanx:x—j*—i*— +( 1)" S for-1<x<1

.smhx—x+ + =ara b furallx

-cushx:1+—+—+---+—foraux
.t:mhx—x+ + gt for —

T L= =1




